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This wb»vﬁv';s?an is Jue te the fact ¥ v vus not cble fo devate
more than o frastier o’ =% Hew o fhis vesk, B Zs . wk e Srst paf't m::!'
remedited wiih commer :'.d;' i the wscontd, crd aeh g yae whole  bibliogrophy
shal! be si’ga.m,nr, iini. o

in ordar 0 enimg vile such a m'nhogmnhv if s n esEsery firss 2o daf'm
a Functionsl Eﬂuq?scr‘ This was besn dons in the past in covaral vays, some of which
cppear tos wide, others too naty,

in the most general emz, o runﬁh@mi Ecumilen is on equation which serves
to determine onm, or sose urkooemn functions, or clewes of such functions. In this sense,
every diffarerdial,=differere 2y, and integral aquation is alse u Funciional Equation ; to
cormpile a bibiiography on such o wide class is almest certs i

ainly impossible and most cer=
tainly unnecessery, N

aner\« ~niffer Tence © and integral eguctions hove been descrivad in
o very laﬁge sumber of oxe ei et fentbools, easily asceunible 1o wveryane interesied ;
they also have a vas? fiterstur publications, crowing o © sce«*aﬂ’ difficult even to
follow , Let us then dezeribo cs ch;m ol aswsiions procer” Those funetierwi
equations which ars neither dilforuntial, nor Jdifferencs, nor In e%gm! squations, nor 4
mixturs of those, no~ do thay contuln of "ol difh ma‘.timwa diffgrence of integral opera=
tors,  This is the present authors definition of a functional zguriion ; dhistovical”
definition sothar than an wxdewotic ong, ond o definfeior ba should ba most eoger o
se= raplaced by o batter ore. 1 shovid be mentionad nave Thet rorrowar dafinitions
exist, which have an axjomatic ehraster ; the vasdar iz rofurred 10 the remorks on
wd en Unctmmi equCton.

7 e
4‘

Aczél 's  book, one of the vs p fewr eve o e publlsl

This ncrrower definition is '”"””Qafﬁb’%ﬂqd, but onz stil} ia:cifs et it i3 deseriptiva rather

thon assential , ond the defisifion wmontioned wbove rles out the famous Abel arudtion
{4

(1 £ a 4 T“ 5 1

{H rL\( E'ri_} = fjix) v 1

the first functionol squation to bacome “nown and prebobiy the most important of them
all, The reason for this exclusion is interasting, 7 he current "oxiometic” definition
mentioned obove tends io rule out functiona! wquations in which the number of voria-
bles is not higher thair tha number of variables in the unknown function., The reason
is thot such equations are rothar difficult to solve, and their solution raquires quite
different methods. Let us, in contrest to (1), see o functional equation which is
*admissible” :

) frxsyr = ¢ [f0x), 70v1]
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i.8. a ;~called addition thaorem for the unisnovwn unction  Fix), Here, the number
of voriables In the aquation is 2, while the unkraen function s of one verinble . We
have, so 1o speak, one degree of frasdom ‘o cen utilize in many vays; we ean put

e.9. X=y, y®mo, y=ex andobtcir i-om (2) twan cquatiens;

®) O f(2= F [itx), f(x)]
B Fla)= FE(x), ()]
?c} f(o)a F; t,,:)’f{-ng

which can clso be combined amang themselves. ».g. (3) (b) and 3) (c) ; all of them

are separataiy equations of the type of (1) ; Ir is no wonder thot literature on tha equations
of the type of 2) Is avervilmingly larges than thet of typa (1) and  that some definitions,
as said, tend to rule out typa (1) ; this latter, howavasr, 15 the more fundamental and, In

the long run, mors Importan*; in any cove, thay ara included in our “histerical definition
and thus In this Bibllography. Wa excluded systums »f functionul equations, ¢ limitation
one has to admit to be a littie arbitrory. Equally a bitrary wes the way the line had to

be drawn towards the flalds «.f mathematics ho-dering on that of unetional equations.,

Let us describe tha way the line vios drawn in ecch caan,

The mest closa tles lint: the Hhaevy of functicnal eeuations to iteration
theory ; In fact, It is unnaturel ond sven fiausibie ‘o eonside’ them as two differant
theories. {teration methody ass Indispandoble 'n soiviag equation: of typa (1) ; on the other
hand, fre tha solution of tha problam o = Litre y iterarion indey, one of the most impor-
tant peoblams of itaration theory, this hus to raiy on e “trenslovion equotion™ -

.
4 F ]’th,v),ﬂ 2 5w, u-w)

which, in ity turn, leods to Abel 'z squatior. (1]

Saill, in proctien, it wos nov too difficult to find a dividing line ; cleorly
¢ acticolly cll numerical approximution mathods are iterotion mathods, the practical
value of which has bean Immenmely incressed sinca digital olactronic computers are
avcilable ; there vras no question of including ony part of thn vast {iterature of thowe
methods. lterction theory was Included In tiose cowrs whare funcrioncl equatiom ors
involved  in on essentiol ond explicite wey.

Another field  Intimorely raiorod to (unctionol squations Ty thot of calen=
lability and nomographability. To quoke o <imple exampiz 1 tn otder to caleulate o function
w= f(x,y,2) by aromogrom of poinis in ciignment, one needs first « "simple”
nomogrom consisting of two curves, linking x ¥o v, und than o second such nomogrom o
link the result to z. A nacussory condition for 12 ramogrephobility is thus thot solutions
g, h chould exist to the funciiona! wguation

) o oyozte i m,w,{]
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Such topizcs hove been included but only if the nomogrephic side is not predominant,
It is plonned to odd to *he fina! version of this bibliography a specicl list of works
on what one could nome "theorstical nomograpghy™.

As soid, squitions containing differeniial operators ware excluded, so
wos the theory of geometrical objects, which forms a seperate branch of mathematics,
On the border!ine betwesn functione! equations and clgebra, the functional equotions
of distributivity, associativity ete. . ., hod to be includsd ; in faet, the contributions
of Abel to this subject wars among the first results of the theory. Deeper~going inves-
tigations howevar, such os the theory of continuous sroups, form o domain by themselves
and had to be omitted. dmilar considarntion pre . ! us te laove out the theory of
stochastic processes, - 7 rootad in grobability ¥._sr7 ; one or two papers related to
the common generolization of exponentiol and Poisson distributions were included due to
their exclusive relionce on the appropricte functional equation.

Number "hsoratical functions, sirongly multiplicciive functions etc. ..,
were excluded on the ground thot thesa ara Tunctions ®  of positive integers only ; ogain
we are focing an astoblished port of number theory. This is in line with our tendency to
collect the "floating® mavariol of the functional squctions, not firmly or exclusively
aftached to any estobiished branch of mathematics, and- os one hopes- to be organized
into one of the most interasting brancnes of our science.

Functional inaqualities do not, os u motter of foct, enter this bibliogrophy ;
due to thiir very genernl choracter, they determine propertiass of functions rather thon
functions or even “classas” of tham,

Thus we have drawn the bordsriine separating the subject of this biblio-
graphy from other brenches of matheratics ; even this brief survey shows the central
position of this discipline within mothereatics - a view, one may add, perhaps correct
only seen with the eyes of those interested mainly in functional equations !

The commeni on the paper, given in pait 11, does not tend to describe in
detail the conten’s, this should hove multiplied by o foctor of ten the size of this biblio-
graphy. The cim wos not aven to describe the main theorem, but rother to inform the
reader about the problem which is solved, or treated in the paper in question, and, more
often than not, to give the equation which is solvaed. This, it is hoped, shall be useful
not so much to the mathematician, but to the physicist etc. .., focing o functional
equation ond trying to locate .itersture on it.

Onglost remark : this bibliography does nct pretend ic be complete ;
the outhor sholl be grateful to colleogues pointing out errors or omissions, he sholl
equally welcome lists of publications, reprints, end other moteriol which may render the
final version of this bibliogrophy more useful.
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Some technical remarks.

The notation FE () stends for Functional Equetion {5),

The title of a book is given in the longuage in vhizh it is written, and an English
trorslation is added. The title of o poper is alwoys given in English, ond on abbre-
viation points out the language in wEicE it is written.

The abbreviations are . ">llowing 2

C Czech | ltation

D Dutch J Japaness
Da  Dunish P Polish

E Engiish Po Portuguass
& Esperonto R Romanias

F French Ru Russian

G  Germun S Sponish

H Hungerian Se Serb, Croat

The books and papers are given in the olohsbeticol arder of the authoe, and, for one outhor,
in the order of publication,

Within the alphabetical order, 8 hos been toksr: os oe, ste. ..

For longuages using an «lphobet other than vhe latin, the wsual phonatical tronseription
has been used, in cose of doubt, tha neme  figuras in both forns, one with o refetence
to the other form, e.g. "Wilner, sse Vilner .

In the case of papers written by saverc! authors, thae paper figures under the nome of the
outhor first in alphcbatical order, in the rere cose, howaver, where the alphobeticol order
was not followed in the title of the paper, the nome figures under the nome of the First
author, irrespective of alphabetrical ovder. The name of the other authors figures of coune
also in the list, with a refarence to the first,

Some popers were odded to the bibliography ai the last moment ond for these these is no
comment, only the reference, they are denoted by an ©.
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On a functionel propeity of conjos ),
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Definition of New Categcries of FEs (E ).
Bull, Amer. math. Soc. 22 {1915-1916) 378.

On a Type of Quasi=Transitive FEs (E ).
Bull, Amer. math, Soc. 22 (1915~ 1916) 491-492,

On a Type of Quosi-Tramsitive FEs Il (E ).,
Bull. Amer., math. Ssc. 23 (1914-1917) 76-78.,

A Problem on Quasi=Trens:iive FEs (E ).
Bull. Amer. math. Soc. 23 (1916-1917) 78-79.

Soma Thecrems on Quasi ~Transitive FEs (E ).
Bull, Amer, meth. Soc, 23 (1916-1917) 7980,

On the Analogy betwssn FEs and Geomatric Order
Relations (E ).
Bull, Amer. math. Scc, 23 (1216-1917) 80,

Some remorks Concerning Quosi-Tronsitive FEs (E ).
Buli., Amer. math. Soc 23 (1916-1917) 253-254.

FEs Based on lterative Compositions (E J.
Bull. Amer. math. Soc, 23 (1916-1917) 301-302,

On the Implicit Corvelctives of Certain FB (E).
Bull, Amer. math. Soc, 23 (1916-1917) 394,

On the Iterative Functional Compositions of Index
(n+1,k), (n, k=1,2,...) and Associated

FEs (E).

Bull, Amer, mcth. Soc. 24 (1917~1918) 279-280,

On the lterctive Properties of an Abstroct Group (E ).
Bull, Amer. ppth. Soc, 24 (1917-1918) 371,

On Certain Articles on FEs (E ).
Bull. Amer. math Soc, 24 (1917-1918) 371-372.

On lterative FEs of the Distributive Type (E ).
Bull. Amer. math., Soc., 24 (1917-1918) 372-373.

On the iterative Properties of an Abstract Group ( € ).
Bull, Amer. math. Soc.24 (1917-1718) 423,

On Iterotive FEs of the Distributive Type (E ).
Bull. Amer. moth. Soc. 25 (1918-1919) 250-251.
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" Alaei, V.

Altman, M.

Anastassiadis, J.

Angheluta, Th,
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On a eless of FEs (R), *
Analale Acad, R,P, Rem. Sec. 5t1. Mat, Fiz. Chim, (A) 2
(1950) 461-477.

FEs invalving o puarsmuater (E)
Proc. amer. smth, Soc Vi (151 Ui=hi

An iterotion procadury bnae oar ivaton's mathed is astablished to

solve tho FFE
F(X,/A) o

whii. Loty and araelimon:. donac sneca. Gonvergence ond
sproad of comrergiine. of the iter ;i ue roees cra invostigated,

An irerctive setiel of csiving € (T
< boew b aste, ghys, 7 (1941) £7-62,

Bislt, Awad, falnn, Lat, S,

Iterariva methods of nigr _
Bull, Acad, poion. Sai. S5, S0 o

2
4]
-~
hY
N
%
1)
<

Froomsbe, pivm, 7 (1941) 63-53,

A ganaretizotion of o Laguarre o3 for FGa (E). "
Buit, Aead, jolon. Sei, She, 551, wmib eitr, nayz, 9 (1761) 551586,
»

On the soiuticns o 4 | F)

((x-M) = U(‘/f(") (F).

C.R, Aead, 5a1, 287

The ckave FE is solvet under b coron F(1) = 1 and some
mild restriztions,

The: FE of blsymanatey (120, !
Studia Unty, Babe:=dols 11 ani, 3 (1555) V9«15,

On tha FE of Tromsloiion (%),
Ingt, Politene Ciuj. Luerari S, (1787 2741,

A proof if glvan for the fuct aiready kaown tnat

wl(%y), £ = e[ % ytt]

is sclved b
z(x.ya) = FLF(x)ty]

Remorks on the FE of Polsson (K ).
Inst. Politehn, Cluj. Lucreri 5%, {1959) 33-37.

The author preves thet zvery ran-vanishing colution of the



{Angheluta, Th.)

Anghelutza, T.

Arrighi, G.

Aczél, J.

Poisson FE rf/“”,ff) 7{.,, ‘{/“‘ 29//4’//(‘61/

&9

satisfies ﬂ'\e algebraic odditio “; brenrem

$00A9) 2800 809) L xry “”/f“nf/?) ~7=0

This is used o prove thot evary contirueus solution of the arigina!
FE is analytic.

e TE with thres unlnoon 7 z{Rk}. *
Lo ot tast, poliveh. Clal 43-30

(See Angheluta, Th,

1 § /" g} o

On the FE (1) S )¢ly)= @13} +p(r-y)

Boli. Unione mat. ftel. 3 2 (1vi9) 255257,

The solution of fhe equetion, proved b/ Picnrd to be cos A x and

cash A X msuraing continuity, Is given, under ?He waak
condition of rigivt continuity.

The Notisoii of Mean Values ( \' F
Norskes Vid, Selsk. forbandiin

The author defines o normel mean valus M ( X4, X’- v ’x‘\)

by the properties - -y*m:e#; in m variables, M (X, X, Y X): £
M is monotens in ’aonng cch varichie, M iz continuous funchon
of the "veator™ ([ X "y, X'B finaliy

NIM(‘H' 11:,"/"») sy M ’M)J
s symmetric in off iis 0" varickles ( s sysnmetry ™ ) under these
condutmﬂs the Kolmogoroff Mogumo th r»ﬁ is proved

M(%, 0 Xu) = Ft[4L {Fix b OF (Xn

wheie F is continueus cad monorens,

1

19 (1945) 83-85.

On Meon Valuas ond Operations Dafined for two Vorigbles { € ).
Norske Vid. Salzk. fomamhngbi 20 {1947) 37-40.

Tha validity of the Kolmogoroff-Nogumo theoram (see Aczél : The
Notion of Mean Values ) is proven, for the case of two variables, re-
placing tha monotonity condliion by tha weoker condition

XL M (X9) LY dor X &

An anologus of rHe Kolmogoroti-Fagums thiorem s also given,




(Aczél, J. )

Aczél, J.,
Kalmor, L. and

Mikusincki, J. G.

- 34 -

OnaFE (F).
Publ, Inst, Maoth., Acod, Serba Sci, 2 (1548) 257-262,

The geremhmd addition thoora

is trected. (HI’L/? f(/ . ~© (///) f/ﬁ))

On Mean Valuas (E).

Bull. Amar. meth. Soe. 54 (19477 170400

M1 N

A' LN 7
Let M,,(«U)/‘ M, (¥, Xz) oo, My (11, /“’"’7)
be g sequance of rsan volug fuscs Hiors of 1,2, h varicbles;o
[4
necessery end sufficient condition is 53T hed for under which o
continuous and incrsasing function (’J() m(. 5ig, 30 that
Mol d, U”f [J/“)a'- £n)
™ . J , % - .
f baing 1rr’:;cr‘:<n/ i ; the cuther praves thet the bisymmatric

condition: [M(XM, y J(‘m)) e M (u(m,m} X;,,,ﬂ

invariont under the exchonge  Mie -5 X @
is nscesscry and sufficient.

Onaclass of Fis (G).
Comment, math, Helv, 21 (1943) 247..252,

The only continugus selutien of

ﬁ[_?:n Xy Ohw{)_] ﬂ,ﬂ(h)fﬂ;f/&)fﬁ/’d#/’/n)f 8
(?,/o): P,_(O):— Q

(9= axtb

On oparctions dzfinad for renl functions (F ).
Bull. Soc. meth. France 76 {1949) 59-44.

Let {("»‘a) be such that ({ éf{é(,‘g)’l
provided QA & W, 4y &
Then on oremfzm £ o \’} f(’(r %) is dafined
s 1t 13 showr
X/ ) = @)t @l
if ang oniy t/!"» n'?:erc*:c.r Zmno tons, tgnhnueus and
msociative.

is

On the translation squation (F ).
Studia maih. 12 (1931) 112-114,

The FE f[‘f/xl%) V]* vty/x/ “"‘V)

is declt with. This is ene of the wnst imporient FEs, since its




Aczél, J.

- 35 -

solution enables us to writa iterated functions of arbitrary index, using the
using the notation , Y= \
£, [x)=f (% n Y

the FE e.ﬁraﬂ. se8 fhe relahcn £ ( )
et 5 T N L (o fbsta] L

The authors prove ths existence of solutions under various assumtions,
Especially, under scme monofony asssmptions,
L(X, W)=ty [wu)-ﬂﬂ
¢!~ *his formula, the rencrm: T w-fh iterated function of fis
g .- wrarbittary  reol

£y (x)= "[C‘J(“" ’{]

FEs in epplied mathemaiics (H ). *
M. Tud. Aked. 11l Oszialy kézieményei 1 [1951) 131142,

On FEs in sevaral varichles 1. Elsmentory soiution methods for
FEs in zeveral variabiss (H }.
Matiapok 2 (17513 99-117.

The continuous, increcsing solutions of the "mecn function® equation
[ (X,9), m{En) ] = fon{om X5y, (Y, n)]

T xiuy = £ [Hf/")”zi/??}‘/.]

wiile the contiruous apd incranging sol uhf‘ﬂ‘ =t

FLF ) al= FL o F(Y,8)]

(ki) e £ [qz{x)n;’(%_)]

Soms FEs In connaction with the theory of continuous groups (H ). *
Az Elss Mogyar Metematikal Kongressaus kizioménysi 1950
(Budaopest 1952} 565-569.

Cn Composed Paisson=~Distributions 1 (E).
Acta math, Acad. Sci. Hung. 3 (1952) 219-224,

A FE is sst up for the prebability distribution of the svent that
exactly 4R  evenis cceur in the fime interval [ & )

the assumption is mede that the number of events in two ron-over-
lopping tima intervels are independent. The solution is corstructed
by induction, it contoirs the distributions of exponential decay and
the Poisson distribution as special coses,

Reduction of FEs of saveral variables to the salution of perticl
differential euqoton




{ Aczsl, J.)

sueetan of FE of sovermy vocis:iis te the seluion of particl
A s antial w.qrm.'ars A tio= to nomegraphy (H)

=
M Tud, Atat . Alle, Ml i, Vitmlerdngat 1 (1952) 311233,

Ot ahzory o7 poers (H)
Azig Uniy, !f*n;e*ﬁ {1954 ”‘ ii7-135.

vyt TIN] JSa e D
Horviesr article on resulls in this Tald

since 3’?3u; 2 new resul?t
- %) . "
s tnd maost E,duéi'az ofv 'Cf«’{]' TOsTRar s ontd fyice differentisble
zolutizn ga f A 5/ } 2/
4 i ) = i3I X ? )
[ 1) e r7F1Y
< cuiedistributivity =ou

’ P
a s P n s ()
Al Unto, Lishr o o T (1723 FI §
QOn Sie theon ol woans
Colloquium mam. b 3305
Trorslation fnie Russion of the soview articls, ssa cbove,

Outlines of a general treatmert of some FEs ( G ).
Publ. math. Debrecen 3 (1953-1954) 119-132,

The closses considered contain certain well-known ond importont
FEs as  speciai coses ; thus ihe"brdition theorem®

.(‘( xey) = FLELHNY]
zm) . ’mb{a”) istence ond uniqueness of the

solution is proved. Thus tho addsﬂon theorem has o strictly increasing
ond continuous solution |f ond only f the “oddition function®
F &,y }is s?nctly mcreas!ng in both varicbles, ond the ossociative low

°z = o {4o2)
"’0'* 3\8? ’xos_;'e(x!%)/

A Sciution of Some i’wblm'«. of . Borsuk and L. Jdnossy (E).
Acta ghys. Acad, 921, Hung. 4 (1955) 251-362,

Ascocliative squations of the typs

FCF(x9), 1= F( X F(Y,0)
cra treated in conncc%mn with L., Jenossy's werk on en oxiomatic
foundction of probability theory,




(Aczél, J.)
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Algebraical ramarks on the Fréchet solition of the Kolmogoroff
equation (F ).
Publ. math. Debrecen 4 (1955-1756) 33-42.

The generai sotution of the FE /- (S/f) P(t (")’ HS L(j
St <

is gzvm unc!ar aore 'genarni conditions then tha solution given

earlier by Fréchet, This aguation slays an important role in

polarity theory.

Or - ' litlon and subtraction ¥ ~.is { G,
B math., Debrecen 4 (195 5) 325-333.

Addmm tha orems ¢

d(x1y) - F L i<y, 21 a)]
ond sub Praction theorams p

Lx-q)= GLE(=), £(9)]
ava investigated. The main rasn{., 1 the addifion theoram hos o
non-canstant sondinsous solutic if and only thare exists an open
interval on tha{ roal axis which is @ group under the operation

X oY = K )
Futil]e?r::oreF: for any solution f () 72 ( ¢ x )
is also a solution, The subdroction theorem has o continuous ¢ solution
(which iz then -‘mcr!y increcsing ) if and only i there exists on open
interval of the roml utis on whizh ths gperciion

A O = (:,’; (4sv)

is coniinuois, Fris itive, invalstory, and if thare axists ¢ right hand
ich tha
unit e sus '{’( f,"?i_f’; = "a .

Soma general met%om in the theory of FEs  in one varicble,. New
opphcohons of F 5 Ru .
Uspzchi w nauic. 11 1,!‘?‘55) 380 338,

Severai ciassas of Fis are sxamined in view of possible oppiications,
Thase vary o widely os sccmrmd veetoric mulhphc::hon of vectors,
the Poissen distribution, ond noa-suclidean distance. In particuler,
the results lead to o cheracisrization of the distance function

AlXY)Caceos Ladet Legn t X350
VE 0 ) (5 g 4D

in ?hphc geometry Givd

d (X, ¥):carch X fp = KXy - X3,
in hyperbolic geomncfry\/cn - X * _xﬂ) ("2 ’.‘-‘}3)

Miscellanzows on FEs { G ).
Math. Nachr. 19 (1958) 87-99.

Several FE and systems of FEs are trected, mostly addition theorems.

.




Aczél, J., ond
Kiesewetter, H.

Aczél, J.

Aczél, ).,
Hosszu, M. and
Straus, E. G,

Aczél, J.

Aczél, J.,
Golab, J.,
Kuczma, M. and

Siwek, E

Aczél, J.

On the reduction of degree in a class of FEs (G ). *
Publ. math, Debrecen 5 (1957-1958) 348-363.

Some general methods in the theory of FEs and some recent
applications 1. (H). *
M.Tud. Aked. Il Osztdly k¥zieményei 9 (1959 ) 375-422.

On +he differentiability of the inizgrabie solutions of
c.it i FES ( G ).
Ani, Unijv, Sei. Budopest 3 (1v40),

© It is show z‘"hat the intaprable solutions of the FEs

1(/“)*' Coe (“)dk ﬂr&’& (x)s G4 cdlf = A/J(, \4
(o T e g Fimr tas] = Al )

are dc‘?fefnnhab e, p’ondea are "onhnuws, the
Qk ond Ck differentiabiz snd Alx,y ) integrable in

y an
ra..’i continuous in both varicbles.
X
F&¢ for Produzts end Compositions

of Functions {£). *

Pacific J. Math. 10 (1960),

Some general methods in the theory of FEs, and some recent
applicctions, *

M. Tud. Akad. i1l Osztdly k8zleménysi 10 (1960) 9-32.

The cross ratio s solution of a FE (G ). *
Aan. polon. math, & (1960) 183-137.

(Lectures on FEs ond their applications ).
Voriesungen Uber Funktionalgleichungen und ihre Anwendungen (G ).
Birkh#tuser, Bosel (1961) 324 p.

This is the first book ever to be published on F&s ; a book by Picard,
published in 1928, Legons sur quelques équations fonctionnelles, is o
trectise on o small, but weli-chosen number of FEs, Ghermanescu's

book on FEs, published in 1960, is a trectise on a speciol class of FEs ;

in foct, it deols with one, very general =quation which includes difference
equahons

Aczél ‘s book does not propose to give a general theory of FEs, since such
a theory does not exisi. The bock consists of two ports : the first port




Aczél, J.

Aczél, J.
hormanescu, M. ond
Hosszu, M.

Aczél, J.

Bogndr, Z. and
Torgonski, Gy.|.
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deals with tunctions of one variable, e second with functions of
swseral variables;within the first part, two cases are distinguished
according to whether the vcriables appeor under the funetion sign
only, or nalso outside the function sign. Ona of the most interesting
proparties of FEs, namely that ona squation may determine saveral
unknown functions, iz aiven one chogpter by itself, Amonrg the zolution
mathods, raduction to differentiol and integral equotions is tracted;
numerous applicetions to the thaory of mears and racny other topics
orz airon,

The . wenbnory of the beok | fact that only such enquations
are . ited whers~ roughly sper’ - the numbaer of varicbles is
high..r thon the number of variah...; ‘1 the unknown function. This
sxcludes the first FE ever traated, and *he most important of oll, the
Abal~ Schrisder equation. Tha roasnn for this  mission 13 thot this
type of equation is much mare difficult to tract and requires different
methods ( For details on this problom, ses the Introduetion ),

Sevaral new results in the theory of F& (H), *
Acta Univ. Dabrecen 7 (1940).

Oh cyelic equatiors (E ).
Magyar Tud. Akod. Mat. Kutets tar. kuzl.5 (1760) 215221,

Let F/“Vl, Yy Jp) be o function dpvariobles and lot

Ko o, ) Be azov of variables with M2 P. Let us denote
by_n.fhc operation vhich adeti*ctzs for ecch variable the next one

in tha cyclical arrangement &y .- -, £y H,oo . The FE investl-
gated and solved (without restriccon) thys hos the form

(Lo DR, o) =0

Miscsltuncous en FE I, (T ), -

tath, Nachr. 23 , 37-50 (1941,

On the determination of conjugate harmonic functions ( G ).
Public., Moath. 3 (1954) 215-214.

Lathe /7—({-(‘%}-’ (% y) fcvl 4 9)

Real and analytic part of on analytic funetion, u and v form o
pair of conjugate harmonic functions ; they cre connected by the

classical formulo
U 24
A (XYY = JS- 3-,,—0(“’ 3&‘ 47
from the Cauchy Riemann formuice. The puper furnishes on olterno-
tive mathed for the determinaticn of v from u

MK W) T U xtig o)
where U is the complex extension of the {reol) harmonic fucntion w,



Bajraktorevic, M,
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provided Q) is rzcl on the recl axis, cpurt from a possible imoginary
constant ; alto, quitz gznerally, the FE

U(Lh"g._o) siVlany o) Lo, 4 ik V(&, 7 //.—. Ulrg)riv(ny)

i nzeussory and suffieiert for the Ta ,:r.,/-Rm'mnn sations fo hold.

On the wlutions of s FE (Sc ).
Hrvotsko Prirodoslovne Drustvo. Zlzcnik Mot. Fiz.Astr. (2)
g (1953) 27-300,

e Fi L)/ Lti)(x i) - fKX1hu) = 4

iz zolved under mors generul condltizns then before,

On certain iterored sequanzes (F ),
Naveno Drustve N, R, Bosne~Heicogovine dj. 4 odjelienje priv, -
tohn. navke 1 (1953) 1-33.

Tha FE /[Q/ZX_)]: gix)

is examined, whore g is known ruid £ unknown. Conditlons ore
stated under which a uniquo soluiizn wists.

On certain (torotesd zequenzes 1 {5 ).
C.2 Periz 36 (1952) 968-959.

Tho fE YHin) = 7[’[‘7”/)()]
( \f/ unknoumn ) is treoted by rolating i to the FE

gaalt with ir the srocading publization,

On certoin solutions of two FEs (53 ). *
Bull. Soc. Math, Phys, Serbie & (1954) 172-124.

On o FE.
Giasnik Mar. Fiz, Astr, Drustro, Mot. Fiz. Hrvotsks
Ser, 11 12 (1957) 201-205.

lf Is shown t{at the FE

al ], Q[ﬂqlt]im

has anay; a sol’uhon, under rather general con
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Berg von den, J.

Blum, J.R.,
Norris, M. J., ond
Wing, G.M.

Boas, R.P.

Boswel!, R.D,
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OntheFE @ x)-/2@(x)=F(x) 1T (G).

Niauw, Arch, Wigk, &) 2 935) 112.123,
A treatiment of the above FE whi
of many authors of leeking for siriesl
First beunded soiutions ara inv ,sriga%:
solutions are also considerad,

3 ?h: unforiuncte habit
rzasing solutions only.
eter, some unboundaed

l.\

Asymistotic behaviour of solutions of a FE {(E). *
Proc. amer math, soc, 12 (1941) 443-467,

Functis ans whisch

h are uu GLO\E? several points (£},
Nigw. Areh, Wisk

1953) 27-32.

o]

The condition thay (i) 1s odd obout the zoin? #=x is exprassed

by the Jsnien FE v//gK#f)f//J."é): ng/xj‘

ith  raspect to tha nature of the set of t and

i¥
¥ holrls,

is FE is trected w
i

Functions vf"'“, ars o i ahbout szvare! points, Addendum {E ).
Nisuw &reh, Wik, 5 {1957) 25,

The guther o £ sints aut the o lemma in his paper with the cbeove
title was aivsody found by Sursta in 1915, Some misprints era

wofractsd.

Continuous Selutions of Twe Fun ctionol Equations (E), *
Amer. meth. Monthly 85 (1958) 476.

On Two F&s {E).
Amer. moth. Monthly €6 (1959) 716.

The only continusus sslution of //*f}):/k)"!/ﬁ)fﬂ/lﬂ}//ﬁ#}
is f/&) kz 4(4 A%, Qa

being recl ond A 70 the cniy continuous solution of

.£(x+~g)= Atdly)+ A?E€(x)
N f’a\): kv&sz




Carstoiu, 1.

Cheundy,T.W.,ond
Mec Leod,J. B,

Choczowski,B.

-

Climaszu, A, C

Caroczy,d.
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On sone FE and the syvmbelic acleuius ¢F),

C.R.Azod,Sei, Paris 224 4747 1177-1260.

Five F3s famorg them o diffgrancs ;*.xf? ion) a0 solved using the Loplace
1

trensform, Tha mathod is restricgtes Ly tho fact that oxistonce of the first
derivativa had to be assumad.

Onue FE{E),
Quust,Jometh Ol § 000 5 L 7 22000

ThaFE’f'-/‘}"k“/{li , l}(u. v)ﬁ[{/(u V))‘_j

is investigetod. v, erd v cre veriebles, f,u, ond v are unknovin functions,
f i3 ossumed to b continuous The FE arisas in o oreblem conserning stotise

tiral tharmodyneisies of minivens

On conilvuess « utions of come F5% of the neth ordar (€5,
Ann Poloiath . 11 1 2(.961) 1232102,

Contiruvous oluiians of ia lollsving furcilonc agusiions ore mvasﬂgatod

a; P = H [»:, ;/ [ ] AS NeIy
- ‘, PK"/ [‘{7("’)_1',.//’7[{’.(4,_'

. ?
v . J
73 4= rx (Q/K\E/ ’:c/r“{lj . {/A ) “‘i' gLty /{C {:{» (‘/_ )j]

’

Cintha FE of apeelorivity (7 ).
Buil.Feole Polyt jessy 1 (0435 21122024,

Introducing the ganarolized "multinlicotion” { group operction)

}\°LJ4" f (\(14‘)

s condition of amsociativiiy is exp-esend by the FE
{ Dy (18] = £ 4 (Y14 ), 2

if vand cra definad ond single valuad on the ronge of » ond y

{0, (1Y ]

Is also u solution. Savers! specicl casas ore himoted ond opplicetions gliven.

Romarks on FEs (), #
2 Congr.math. bongr. Budosast (1940) !




s
- Daroczy, Z.

Dios Tavares, A.

Diokavic, D.

Dokovic, D.

Dokovic, D,

Cwinus, S,

Elyosh, E.S., and

Laving, N.

- A .

Necessary and sufficient corelitlons for tha existence of non-
constant zolutions of funetional equations { G ).

‘Acta Sci. Moth, 22 (1961) 31-41,

The author starts from the following rasuit of J, Bernstein:
heFE L (LL) = A G ) Pr=d

hasVedustant solutions anly i FF Z tia genorallzation, the

LTI o e 1 g ) e 0

and ik necessary and rufr cien’  : litions on the cosfficients for the
?ne wxistsaces of naaeconstert solijor:,

A Theorem on Rer) Furetios: of o Heol Yoriahie {Po ). *
. e T,
Roviste ciemtffloe 1 oro. 1 1000y i),

. o’ -
Soa Dokevie, 1. )

{Seu alse Miitinovie,D. S, }

. P "o [}
On somo ¢peileal Fotioee 2o Mg wiien reduce 49 the
o

'.quah'un :,.’ Cruc’s - (8,
Publib, ot dibeke ¥
Fin (0 ATk

v, tiaedy Sar. riath

2D x,c‘rfrn witho lor, Cnee Doy e of Brrars (3),
t(b“. 1oyt 'i.u'J" R, () . {]“‘“’ }l.”‘::.

The Grae, dorsity J'm:.}:.nt 5 sim i ¥ ke tho crly density function
satisfzing /[ X / b= f { /’/".,:97)
i - Al '
also, 3- @
is tha enly gensity ca¥iclying

Fladfla) = £ 11y)

A Note on ihe Function Az + b {%).
Arszr, moth, Monthly 46 (1959 Z82.

Let Yol 2 vl) = Ko gk
be with ()7 2, Gao, 1P1g=1

the wzighted arithmatiz moe o f 2 and v, The lollowing theorem
is proven : the arly convax .- uier fu «.cr*on sotisfying the FE

( m{z, 1= “m f )4
is the linesr funciion, A mom pongral o
ofin and g on > und v,

m-h.ds., the depsndence




Erdvs, J. A Peirarz on ‘.1” Papar "Cnsens T oretlonal Pancitand by S, Kurepo 27
Clemil: mat,«flz,acle, Lpictve Mer, Fix, Fevaishio 14 (1959) 2-5,

I is shown that rrery conti-uous wolution of the FE

({i?rgz)*?f/k/‘]) /9/(4/5).;//,,(’ ((1*%]

,(o(,*g\ /d Hig) = Glx)-g(y

)

an a3 oiher hand, rils iz me? ihe gonwvol solation of the FE,

R
frdis, J., cng Fupeiinng which are Spmasiiie about Savere! Points (£ ),
Goluma, M. Mo, Archs, Ve, )3 (i953) 1219,
’ ] ﬂ M
The "oddness” F //y’a,f) -//'4"'!}: 2 _/,g)
7rec?r—:&' eariior by BL 0. Boes, 75 furear Drvnstigeted 5 the ganeralizetion
q ﬂ & L) y—y
2 Ate /(Hf’e D= F) o, Japeq
s trosiad.
an'fr’;’; . Qn o seluiion trathad for coricia Fi {2,
' Acts meih, Saed, Sel, Hlens, 7 (755} $23-5748.
The thns .'y ,r d.:.;: wvtare tomd b benelorm setiln FE fnle dishri
4
Gé&adr, J.
1 '-' 22 v,
pAST S v . y -t l s ot eld bF, . ¢l
A sealar unslien of ¢ ragirix it sl v L tivs detrvenl: 'an" uncor
TRy STt GVl s G o ety e it cf? of i, et
oie, ers very wiid,
Goir, A. On the onolAien! solutlens of cortein E8 {R}, *
Bul.ctl. teh. inct. poitzeh. Tialsaars 5 (1750) 1234127,
Chermanesey, M. {352 aloo Aczsl, 1)
Chermonsss:s, M. Funclional cheraererizelion of the tiignnometriec funstions {F ).
B!, lnst. Politeh, Jest 4 (1949) 362358,
X

The cr% fition thearens Jar 712 sine end ths cosing ore Investigated

st
et
pesusing waoarurili of Yaz calubiens,
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Meusuyrabla solutions of cortois fiazor FS in

- oV

L

it svzral variobles (F ).
1y the

‘BuH. sci. Eeole Polyi, Timizeers 13 (1945 12-37, 120-140.

’

Me zsurable solutions, cspecialiy palynominl solutions, ere sought for
a ramber of FEs, most of them ciffcrance equations.

Lirzer FEs (R}, ¢

Acad, R, P, Ror. Bul,dti. mur.~fle. 3 (1971) 2452259

On iha FE f Atv! {fL-JL'/: = (R).
{20
Com. Aced. R.P, Romane 3 01783) 157-192,

stie results

-
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T ' ) o " iy ] W 0 /()
is treoted @ ler e inctione PR Raa i, 30 ot the A/ AL

"y . HEEN
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E
On FEs in two variables (R),
Acad, R.P. Rom, Bul, sti. met. Sz, 7 (1955) 963-975

Stuteen rasults are given concarning s number of FEs, all in two
varfables, The rosults ore quite general, cince only measurablility
of the solutions is required.

FEs with n- periodic functioncl crqument | (F ),
C.R.Accd. Sci, Paris 243 (1577 1373-1595,

Theorgms on he existence of solutions for the FE
T[] = glx

are given ; here, F iz unbnown, JJ is known end vQ.\ denotes its
M-t jlerate ;  g(:) s known ond might also be identically

zero, Flnally, A (%)= & is azsumed.

FEs with n-periodic functions! argument 11 (F),
C.R., Accd, Sei. Paris 244 (1957) 543-544,

A continuctinn of the first pert, Existenze thacrems are glven.

A class of linear GFEs (F ).
C.R, Acad, 5¢i. Paris 245 N957) 274274,

ters P(P)* Za& (P ¢ 5% (F)]

is considered ; P is croint in o, multidimensional space,; Voﬂg (I’)
os usual tha A4, iterote of A ; the cosfficiants sotisty
Clee [ 2(@] 2 Ga (P
, 1.0, they ore invariants under the substitution 2 Y
or generclized perlodical functions in the sonse of Rovsenbergor~. %
The chcra:fe{ist!c quaticn A
AMPY™ 280 () Ap) T 20
Lis then dafinad ;%ebh solution
2P (=4," )k 'V(L
is oiso en invarian? uader the substifution . These solutions
ere used Yo construct the gencra! solution of the FE.

Lineor FEs with n-perlodic functional crgument (R ).
Acad. R.P, Pomine Bul. S*i. Sect. Sti. Mot Fiz. 9 (1957} 43-78.

“
mere 7 g 0 (2] o
is studied ;;he 0& ore constonts n-periodicity of \,0 is defined by

Thenhomegstions con - Qe [ e ()] = G( P)

31
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isalso traotzt, P isa peint in a multidimensiona! spoce.

(Ghermonescuy, M.) Doubly automsorphe functions (R )
Acad. R.P, Romfnc Bul.Sti.Sec,Sti. ivot . Fiz, 7 (1957) 253-260,

These functions are defined by f[ 4&4( P‘)T]: 21 (P)"é/P)
PEMART 22 (P (1?

whuiy ~/ 1, \) ?, A4 , i must sotisfy various
conditionrs,

On the FE of Cauchy (F).
lt, Math, Soc. S2i. “Acth, Phys, R.P, Roungine { N.S.)
I @9) (1957 33-4¢,

New methads are,2 shovi to solve the Lnfc‘a/ eguaten

I XAy ) = .ﬂ(‘r)
assuiming thai the solutions cro coant wuau.,, resn. meosuroble. Some
rolated FEs are alzo trentea, cmoag tham / o X))z (F (*J

(o eyl o gley- 2 .,U,, Ulxy)

:el’c.

Aoelass i lineer FGs (08 g,

Acad, B, 7, Foafne Shudd, Core Mar., v (1055 113124,
.q_.:
The FE [’(IJ> - ’(&g""/{/ ‘/t«/e/_.
is investigated ; a(ﬂz ‘ty ore  novs functions, the i,
are the Weraiss of the unknown function  ~H . P is o point

in multidimensiono! space. The afg ery assumed o be outomorphic
invorionis with respect to 18 N

oo (2 (PY) = Xy ( P

On the funcrional definitiorn of the trigorsniciric functions {F ).
Publ. meth, Dabrecen 3 (1957-1758) 73.9¢,

A siraple method is glven 7o solve the FEs

Lix) +f(w)= £[ 2y - VU x)(1-yY)
$(2) 4+ 2ly) = £L XY+ GTai057 -1y

continuous monolare ssiutions ore

RoQlecemy rev A @b
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Golab, J.

Gofab, S.
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{8¢e aleo Aczsl, F. )

: Tau ot "
On the distrihuiive low of rag!
Studic math, 33 {1954 58

5 58,
e sqten (212,33, 0= £ 9142, 3(y,2]]
bacomes ()(4,\'&)%: &1*‘3&

i flcya)= xag, GlA0g) =Xy

$imple conditions on the functions  § and ¢ ars given under

which on ovtomarphism of the spareilons X @y = QP (%3}

ond O(G)‘;= 4(xXi) is sstablished to

ordinary addition and auitiniication on tha fleld of real numbars,

[y
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(Golob, 5. ) On the FE f‘/';g‘),/f{i"y/': ,,/[/{.Y)(F)-

Coiloquium wmcth, | 1010 284,
(Sen alsn the noxs ~ .

On the 2qunio. // i '/) /// "/) = %7/.’( V)

(F5.

Amn, pelon, math. 4 (1959 1417

XordY are 2 22 mevicos oF v cumears. (F the abovae
squations is catisficd ¥5r ava ,’, thuy f 3 (/Cfb/ X)

Where & isa comp'f,(-'/c! func s1d w:*‘* he property

F«y] n:ew)t(-ai

, 1.0, under certe’n cae?riztlong zsganticlly o power of x,

Cofab, S. ¢ d On the FE ﬂ[ A A,’/A)-} = /-k) (F)
Schinzel, A, 7 C / x/b)
Publ, meth, Debrece. - 0007 V13123,

Bvery eerdiv s wsho o 0 0 PR oanisis of Lleces of the
B AR B VRO EEN

Golombs, M. (2o freds, O )

Cuinend, A. 1. A A O N R T TR I U S
. » ) Lo v s . .
- Parts . -

;

.;f 7 // , i 4 ) -
A ."l‘ CAAEEEeY | f ) v ,‘ o ’/// ‘/(/ ~//gf/f/ l() V )

vl e i )

l!_" e ’(‘/J;,;;f/:v(,%,é/é/q/y)/

Helel:, O. On the Fgs of e aithe Tunetiens (K ) f
’ TR Ry R te e MO I

Thecos!, .orh 4. .5

Halperin, 1. hon Mecsurchic S5zw ~od the dguation // Xty )= / V)4 //9 /

(E)

<4 . . T ey o )
Proc, Aveer. inei, oo U450 2250

Some very refiod soieit rrliinnl invertiotions o connection
with the chov: FE.

Best Available Copy
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Hosszu, M.
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On tha FE of Autodistributivity (E ).
Publ. math. Debrecen 3 (1953-1954) 83-86.

The monotone and once diffsrenticble solutions kfod
of ML (%) 2]= ML MIxE, (5 2]
MLz, M(«, ‘»3)4 = -"ﬁ M) M3 9)7

eon by -.s-,f::'-s-;':; T tha e s ., -
Milxig) = f ';/-'"'fff""} 5 219)]
with : S ]

Soms Fis peindsd wi : ;
Publ, Meth . Debracss 3 (39553) 270514,

"Asoniative tyoa® ral c,v"c:«: aretd the coris :onaw:, s UTY

mvuh“ﬂ: 2d, A tyafea! rosult ©the s generol stectly increasing
sitution of

LolYol)z 2=(Yrx)
" a7 A A bl )]

o~

Remark on o paper by H, Wundt = “On g FE is the Theory of
hect conduction © It is shown {ct. 'ﬂ/oné?, M.} that the only

dnfﬂ?enhab' s wolution zir the SZE <) fﬁl‘-é

is const fx - 94
Generalizotion of some FEs with several voriables (H ).
Magyor Tud. Akod. Mat. Fiz. Osat. Kazi. 6 (1956) 439-449,

This is a rasumé of five papers by the author published between
1953 ond 1956,
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Unsymmetric means ( H ).
Mogyar Tud, Akad. Mat. Fiz. Oszt, Kézi. 7 (1957) 207-208.

A continuaus unsymeiatric, quasi~linear interior meon is a continuous
funetion of the form

Al = 7P TG E )]
P20, §>0 ?fg = L

A auraber of conditism in 2onnection with theorems on such meons is
modified, with refzrancs to previous work by ether cuthors,

Unsymmatric risans ( Ru ).

Colhauium mcth, 5 v 1957-1958) 32-42,

A %ussian vorsion of tha praceding poper.

A Genarolization of rhe FE of Distributivity (E ).
Acta sci, math. 5zane’. 20 (1959) 67-80.
In"oducfng the “oddition™ + =F{x,y) ond the mlﬂpltcuflon .

x 2 y=H (x,y ), the dsmibuhvo cond!ﬂon O + y)iZ = xTz ¥yiz
is sxprassed by fhe FE

H{F (2, 2] = B[ H(x2), Hig,2)]

This type of FE Is discussed in detall with some applications.
Generalizations of the FE of distributivity (H ),

Neghézipori Milszeki Egyetem k8zleménysi 3 (1959) 151-166,

A Hurgorlan varsion of the preceding poper.

Monsymmetric Meons (E ). *®
Publ. math, Dakracen 6 (1959) 1.9,

On the FE of trenslation (H). *
in “2ame Congr. math. hongr. Budopest 1960 I *.,

Ona FE (F).
Mothemotice Cluj 1 (24) (1959) 11-26,

mere | {(%) £[x+1)
é{xm) ‘8(442{‘)

ond its analogus for determinents of higher order s trected,

=



Jomes-Levy, J.

Joweit, J.W,

Kolmdr, L.

Kestelmon, H.

Kiesewstter, H.
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On the problem of general anamorphosis (Ru ).
Dokl. Akad. Nauk SSSR ( NS ) 113 (1957) 253~260.

If the functional relation

2= F (%)
can be written in the form

34 (x) 'f»y (%) 1 }
o09) fa(y) 1| = O
G3(D 1 (> 4]

o nomogram con be constructed to "solv=" the equation, i.e. find tha
valua of ona verichle if the two others ciz given, The functions

;{g{m £3m§1 9. 1, detarmine the scales of

On the mathod analogous 1o that of Tehahitcheff and to thot of the
tangent hyperbsies for tha epiroximaiz sclution of non-linear FEs (R). *
Stod. Cer. Mot Ciui. 11 (1960) 299-305

On o new generalization of tha method of the tongent hyperboles for the
solution of non-linear functional equetions defined in Bonach spoces (R ). *
Siud, Cer. Moth, Cluj. 11 (1960) 307-317, also published in 2.congress
math, hongr. Budopest (T500) V.

(See Sesbeck, L.L.)
(See Aczl, J.)
On the FE fix+y) = f(x) + f{y) {E).

Fundomenta mnth, 34 (1947) 144-147,

A simpla proof is givan of the classical result of Ostrowski thot o raal
solution of this FE is lineor, provided it is bounded on a set of positive
measure.

(See also Aczél, J.)
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Kiesewetter, H,

Kordylawski, J. and
Kuezmo, M
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Structura of iinsar FEs in connection with the Absl theorem (G ).
Z, raine angew. Math. y(l‘)él) 113-171,

Lmem' FEs of the form
J Z Bt ) DTl 51 o it
ﬁe~

cre mveshguted A ..pu:ael cose is

@ 7 )= D B[ (5 2]

r") =1

whien for p=1 bacomas the “addition theerem © { in 2 sense diffarent from
the generally used notion )

/ , .
o L) fy) = K[W& 4)/

under some resivictions it waos shown alresdy by 4bel thet 2) hes o non-
trivicl sotution if and only if the eseraiion

W KXoy = Yix )

is associative, The suistencs of sojutions of £3) is thus linked %> the olge-
bn ic properties genarcted by
@t proger: _( é“vj Lg)

For the mors general cose (7 § 31:. notion of group hm‘ to be gencrlized for
commutative cmd zssoniative algebroic situsturss where o simultaneous
operaiions between 24/ abnerrs axist

The paver is essentiolly davcted  to the @ssocicﬁve and the cyelical pro-
periies of the "crgument function © pr ; the resulls cre described in
tarms of geomeirical models as spherica! trigonondry, A bibliography of
35 rslevont popess  rasp. bools Is given,

On some linaar FEs5 { E

Ann, polon. math, 7

o

) .
0966 119-136

Cn the FE
F( 491, ?’Lﬂ/’u )0 (.
Ann, Polon, Msth, & (1960} 55~60.

it is shown that, undar not too savere conditions, this FE has on infinity
of continuous solutions,
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On sema linsor Fs
Ann, Polon, Maoih,

for the unkncwn function 40 Is fovasiigziad in this interval Ceb’
vhere o ard b oorz sonsesutioe vao's of the saustion &) = x
Tha yasulls wrz sopliad to the 73
. v
(/‘"‘ 1| _‘_”A/ . Y 1'7 ;
/ s f o < "Lﬁ ) / ;:‘f’ / ‘{ ‘
[/ e L £ i [ - o J
& et 4/
I
" . . , AR 7 ‘7’
- = = ¢ RIS B Y-t A W I Ipi 25N
On the 71 /‘“/ A ':;'f N /”j P )‘f Fie ,/f"i’ =
L ' - -..)(/ A \!
Aan, malan . wadh S {1951 IBELTIR

?
o e - ot - ST o mem e e ~ ’ RIS
Yhi toreras e 3 I soeutinn T oI gL vIn WNacanng cond
T e i i o
£ investhrTTis .

)7«

with e ﬁmcnon
Ann, polon, moih, 1

ﬁ"E«f

Sufficisnt conditions are g

On some Yingcr FE3
Ann. poiom. math,

3 30 some FES on given
s of tha FE -
Fagind ” Iy . 1
}_. A l‘{j{fﬁ }
£ & decraasing (E)
T2 11522,
ivan far the existancs of o solution.

pavey
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Kuczma, M, {Sec clso Aczél, 1., Kordylewski, J, }
Kuezma, M. On convex sslutiors of the FE
/ (<[ - ) = X
g[au, 9(x) Cp// i
Publ, Mars, Dehesosn 4 1759) 40.

X4} - & fi) = é;;».;—, S i G/ =
%( ;TR L wiin 7 0= 0 of

3 3 b - 3 [P 9 :
which tha funetien jog ! ) is the enly convex zolution,

Aan, polon. matn, 4 {1937} 281-237,

Hi .,E 6 and Fég ars contirous in (as sloted intervol Caab_], ond

() 1s striesly inersuslng, thers exists on infinite number of solutions
continuous ir: tisa oy inb srvel { a,b} while not mers then ons solution is
continuous ¢! @,
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Remarks on some theorems of J. Anastessiedis {F ),
Bull. Sci. Math, (8) 84 (1740) $8-102,

Monotzaic soiutions of the FE

Gl 2] - g/x) 1%

ara sought which take o preseribed volue of o given point, The result is
relatsd to the Bata function.

Ganeral solutionof o FE (£),
Ann. Polon., tActh, 8 (1960) 201-207,

This FE is

Gt 7<) = @[ 11)]

On continuous solutions of o FE (E ).
Ann, Polon, math. 8 1960) 209-214,

The FE ‘gt/'f/; ?”/’”) = ?[V//Z]

is solved for ? ) under special conditiens.,

On the form of salutions for some FBs (£, ¢
¥
L) "
Ann. Polon., math, 7 {(1580) 55-43,

F}a.

Remarks on somo FEs (E
N1960) 277-284.

Ann, Polon, math, 9

On ths FE

AL ANRVAA) B <) =0 (4,

Ann, Univ. Sci. Budepast Rolendo E8HvEs Ssct. Math, 3-4
(1960-1961) 123-133.

Conditions wre given undsr which o confinuous solution exists,
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(Kuezma, M., ) A uniquen=ss thesran ior « lineer FE (B ).
Closn. met.~fiz asiv 14 (1741} 177-181,
It is showr that undar suir.dle ragiisit, o f

U} = J/XJ”//)

YO
DI —45}
1 . ¢ . .ot . »
khare <:ists & uniqus selurion which - o fao First Lesivratives of vhich-
te'%s 1 cibod vy ab - givenp 7
Catng fore of solut’sms o wne FE 12
Aon, oolan mein NG Lo

The solutiag

P

R Y SR o ]
1 / S RVid . : ' 4 ! .
Fisj- Loy "*///=j/«’}
- . o e
s givan for tha FE

ﬁ'/l/,,l/’ / i g ’. N
01 b

The genore 'tz Vion

-~
.
3]

e / } ‘ /" o
':”. "/ cots (} ) L ! //’ : S

i3 consired

- 1 [ IeR) T et 0T
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Cir monatonic solutions of o FE 4,

T fE G ). {// o, //;]

is invm?'gctc % / <} being ihe socernd iterata of {&’ ().

It is shown that undar suliobie conditions indinitely wony sirictly
increosing and continvous solutions cxist in 2n intarval



Kuczme, M, )

On 3053 FEs "om._'w?s:g Hreations of
Aan pelen., matn, 11 41931) 1-5

Kurepa, 5. On - PEg g 2}
Clc wt.~fiz matr. Drusies

1

L, e} il

V(f/( A / I v
/ ? 2, 5/}”,4/-;‘[/.4. 2,

-7"'?/“&/. 4; b 2
s LT, TR T, Te ) gx'ff//n’d Fy x
<y

1

[)

3 turns out that ihe wluilons cru o sropriate com
tivmss ore dsneﬁmm;ab ?"' he unknown funetion

5
o essuined o be diffsrenticble

t{‘

On some n Banash gpase (P ), *
Stud. meth. 9 (1960 ﬁ»..m} se .

On the FC

£(x19)

Glasn., mot.fiz.astr, Jugos!,

f/‘* )f/ -~

The explicit selution of the abeve F
functions,

S ST AN

//
" Y. ‘-a ¢ o5 4 ya
t o, ey, x, o) i

wmbinations of

/o) - '
8515 ) o

15 (1940) 31-48,

E is piven in terms of exponcntlol
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Lambek, J.

Kuwegaki, A,
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O the yoiie sl FF 2 ouneting in o werlables {F )
Men On s ME AL TL2EY 'i~:.’3~’1£>'! :

e timar et o o («‘a»‘!fv v -}‘\,
3TN DSk - is 1

Uil

z /,-’ & &_;_ o /) - ‘/G} ; T‘.‘ {;/f"'l ) \ ///? //’//g / / /// ¥ }/

Y :;'»,1, sl e uaitar R P A L 2,3521"‘.,1‘..,
IR LT VAR / A R SV DT BN PUTIEE SOVIAINg
CIHSOLT

ol LI . B s, - o RS PR S - et L. Fom g1 -
The abov s FE s iretisd uadr the iy zion fhet e some complox C;
ﬁ s
ATy S
[N V4 -
Y H bt 4 R TS I T - «p!
8 vaiid and that £ con be wur adetd oo o sowsr serles.

P

On functicns of two veriakiw sefisiying on ulgebreical addition theorem {F }
Msm. Coll, Sei. Kyato A, Math 37 (1752-1753) 139-143,
J

we

is ireoted, P Leing o polynomis] erd f mssumaid to be snalytic in both
virickles. d

(See Mosor, ..}
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Levine, M.
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Martis=Bidday, S.

Meynieux,R.

Akusinski,J. C.

Nukusinski,J. C.

Mitrinovic;D. 5.

Mitrinovi¢,D. S.and
Dekovic,D.

- &2 -
(Se.s Elyash,E.5.
(Ses Chaundy,T.Y/. }

On the choracterizotion of a class of functions (1. *
Collactanea math. 1 no. 1 (1948) 6734,

On o rhsorem cbout tha anclyticity of the solution of @ FE (F ).
C.R. Acad, Scl. 254 {1942) 3301-3303.

Novr resuits on tha picce -wise aralyticity of tne solutions of the FE

= [-(-y(}"‘;), L;'L/g}) {1 (4{ fv{] = ()

ara giver:.

On analyticity of iha continuous woluiions of o FE {F).
C.R. Acad,Sei, 254 15825 4412-4414
{Swy the preceding (winat )

- .

Results of @ sinilor 1% cra ghvua for tha G

CP[ ’{,1/L1}|/ ‘) ,/,-I.,."{ | r:( /(A »

(Sea also Aczél, ). )

On some FEs {F ), "
Annales Soc. Pol. Mtn, 21 {1243) 346.

On a process furnisning FEs the continuous ond differentioble sciutions
of which con b determined (F ).
Publ, Fac. Electrotochn.Univ, Balgrade. sor, moth, fiz. No. 5 (1954) 1.8,

The FE

(L (v Aql)l[¢ls) v 8905 ]] = £1x)1¢15)

is solved,besides this the poper decls with some differential~functional
equotions.

On cortain FEs the general solutions of which con be determined (E).*

Publ ,Foe. Elactrotechn . Univ. Belgrade. ser. moth, Fiz.no.6 I=44 (1961) 1-11,




Miteinovié,D. S.,ond
Presics. B.

Morgeantini, E,

Mycielski, J.,ond
Paszkowski,S.

Milkmen, J.
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On o eyzlic, non-iinare FE (F),
C.R A, Acnd, Sei, 254 {1962) 611-£13.

Tha FE 4'
F('(f, Tty 'ZZV,);‘ [:_ff/"(i,%)v‘"'f'vz'/"t;,(;-,/"f;é_)?"'
A L'ﬁ ("12,’/“’ , ‘/(?#02) R }P;/V(Zh-'l’ "(Zhﬂ

whera ¥ is known solution of o cyclical FE 1s glven in terms of
orbitrory funciions.

On aquetions in sii veriubles which con be represented by o point

nomagreph (1).°
R.C. Sem. mat, Univ. Mudove 17 (1948) 115-138,

On u probiem of probz=hility ecleulus (F ).
Studio metn, 15 {175¢€) 188<200

The mation of a molecule or u sircight line is considered by a
method invelving FEs.

Note on the FE
£(xy)= 818 Heh 0E ) g,
Froc, Amer, :nath, Soc. 1 (1950) 505-508. ’

Solution of thosa FEs aro given undor assumptions on the set of which
the functions ore defined.

The Logorithmic function is unique (E ).
Math. Mag, 24 (1950) 1114,

The FE «@/J{H?(j), g/xg)

Is trected by reducing it to F{z) + F{y) = Fixy).
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Yincze, E, On %ha characterizntion of associotive funchions of severol variobles ( G ).
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Vinezy,Z.)

-Vopenka, P,

Wilner, J.A.

Wing,G. M,

Wundt, H
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svqa FlX9)= ?"[CN“)*W%)__]
far aey continucus, strieily mono tone associative operation is goneralized

to ,;mulroneou: operatiors on I/ voricbles ; two different types of for-
mulae arise according to whother m Is edd  or aven.

A rurrelization of the I°E of £balePolsson (H),
Wi opole 12 {1961) 1Ee51,
The gunorelization

clxag) G log) W) Ky)

of the d'Alambert-Poisson FE

" xay) + C(x--;;): 2 C(X)C(ﬁj)
is sal:ad In the me:t genatal form (complen wiution ),
See uczma, M,)
{See Vilner,|.A.)
(Ses Blum, J.R.)
On o FE in the theory of heat conduction { G ).
Z.angaw, Math, Phys, 5 (1954) 172-175,
T;u‘. F'Z

// / b (/L. > _ f/%’} -/,//9/
r( Cv’ 4(’&/3 2_

is irected ih detail. T}'a wast genarel differentioble solution is given os
=/
//r) y, f—&y{‘/-«" =1 b+ R
Gy ¢ -1
!.mz.c‘, M. rio.,-zu o de thet / {x) is ¢ solution only lff {x) reduces
o ¢ constant, (See undezr Mosszu, A )
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The finzur FE (B
Amer, fiath, Fontnly 20 11030) 2053

bl ¥ ]

This is o conclse proof thot nvery boundad solutian of the FE
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